Abstract -We reconstruct some nonlinear models in field theory involving a self-interacting scalar field in 1 + 1 space-time dimensions. Such a reconstruction is based on previous methods which employ the zero-mode solution of the excitation spectra of defects as the starting point. Here, we split the zero-mode solutions which turn out to be associated to split defects (split domain walls). The models which engender those kind of defects may be used to describe critical phenomena as domain wall splitting and the formation of a wetting phase in some ferroelectric and paramagnetic materials. We explore the applicability of the models also in the description of brane splitting in AdS brane scenarios.
where ν = 0, 1 and U (φ) is a self-interaction potential, admit exact classical solutions, φ c (x, t), which are known as one-soliton solutions [1] [2] [3] . The existence of those solutions depends on some requirements the field theory potential U (φ) has to satisfy. U (φ) must be non-negative and possess at least two minima. It can be shown, by using the Lorentz invariance of the system, that the one-soliton solutions can be obtained by boosting the minimum energy classical solution, φ(x), of the static differential equation of motion. Such a minimum energy solution connects two neighbors minima of the potential. As such, the solutions φ(x) are topological solutions also named kink or antikink solutions. It can also be shown that kinks and antikinks are solutions of the first-order differential equation
when the potential is written in a "supersymmetric" form, namely U (φ) = W 2 φ /2, where W (φ) is the superpotential.
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From that we can write the energy (mass) of the soliton as E BP S = |W (φ(+∞)) − W (φ(−∞))|,
which is also called Bogomol'nyi-Prasad-Sommerfield (BPS) energy [4, 5] , and one says that the solution of (2) saturates the Bogomol'nyi bound. The minimum energy solutions are stable against small linear fluctuations. This can be shown by expanding the field around them, namely φ(x, t) = φ(x) + n ψ n (x)e −iωnt , and by keeping up to quadratic terms in the action. By using the equation of motion one finds that the fluctuations ψ n (x) satisfy the following time-independent Schrödinger equation:
also called stability equation, with
where the upper (lower) sign corresponds to solution of eq. (2) with the upper (lower) sign. The Schrödinger equation (4) can be factorized as
with S † = ∂ x − w(x), where the quantum mechanics superpotential is w(x) = ∓W φφ | φ=φ(x) . With such a factorization of the Schrödinger operator, one can show that ω 2 n 0.
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Quantum corrections to the soliton mass (the BPS energy) are provided by the excited states of the stability potential V (x). Moreover, the zero-mode eigenfunctions, ψ 0 (x)(ω 0 = 0), of some potentials in the Schrödinger equations can be used to reconstruct NLFTM in (1 + 1) dimensions [6, 7] , as explained in the next section.
Here we use the method employed in [6] and [7] to reconstruct some NLFTM whose minimum energy classical solutions exhibit a two-kink profile. Two-kink solutions appear in many contexts of physics such as: in the early attempts to describe hadrons as solitons, particularly in two bags models [8] ; in the theoretical description of domain wall splitting in some paramagnetic [9] and some ferroelectric materials [10] , and also to describe brane splitting phenomenon in brane-worlds scenario [11] . The models constructed here were used in some of the cases described above and/or were obtained before by a deformation procedure [12] , which consists in mapping a NLFTM into another well-known one. Once the models presented here are obtained from the deformation of zero modes associated to the stability equation of well-known NLFTM and, once the corresponding minimum energy classical solutions exhibit a kink profile which can be continuously deformed into a two-kink one, we call those models as deformed NLFTM.
In the next section we briefly review the reconstruction of NLFTM from zero modes and apply the method to reconstruct some examples of deformed NLFTM. The program carried out there is simple and can be described as follows: The zero-mode eigenfunction for the stability equation resulting from the sine-Gordon and φ 4 models present a bell shape profile peaked at the origin. It is supposed that the eigenfunction constructed by superposing two copies of each one of those zero-mode eigenfunctions, now peaked at opposite sides of the origin -the distance between the peaks is 2L, which becomes the only deformation parameter-is also a zero-mode eigenfunction of a new stability potential. It is also assumed that the stability equation can be factorized as in eq. (5), such that to each of the deformed zero-mode eigenfunction it is associated a classical solution of a deformed NLFTM. Firstly, we construct deformed NLFTM associated to the sine-Gordon and the φ 4 models. For L = 0 we reproduce, by construction, the original models and for L → ∞ a new minimum appears between two neighbors minima already present in the original model, such that a deformed φ 4 has three global minima, much like the φ 6 model. We note that the deformed φ 4 model constructed in such a way does not fully reproduce the usual φ 6 model when the deformation parameter L → ∞. Then, we present in the third example another version of the deformed φ 4 model which also reproduces a φ 6 model in the limit L → ∞. In this example the zero mode is no longer constructed as mentioned above. In the fourth example we deal with the symmetrization of the zero mode of (4) when V (x) is a generalized Scarf-II potential. Finally, the third section is devoted to some comments on the models and the applications of the deformed NLFTM.
Brief review on reconstruction of NLFTM from zero modes and construction of deformed NLFTM.
-One can see that the zero mode is obtained by Sψ 0 = 0, that is ψ 0 = ±W φφ ψ 0 . By using (2) one finds
where
BP S is the normalization constant. Then, given a zero-mode solution associated to a quantum nonrelativistic problem whose spectrum is non-negative, one integrates eq. (6),
to obtain the kink (antikink) solution of the respective NLFTM. By choosing a convenient constant of integration, which is related to the positions of the minima of the field theory potential, one looks for the inverse of φ(x) and writes x as a function of φ (such an inversion is not always possible). The field theory potential turns out to be
Since the analytical continuation of U (φ) for real values of φ outside the domain ofφ has revealed a bound from below and non-negative potential either with a periodic structure of minima or minima only at the asymptotic values of φ, we will assume that analytical continuation hereafter, that is the field theory potential can be written as
Finally, we would like to recall that from eqs. (6) and (7) we have two arbitrary constants of integration which are associated to the phase and the amplitude of φ(x), such that the field theory model is not unique. We have observed that those constants would imply into a rigid displacement on the minima and a global re-scaling of the field theory potential. They affect neither the positiveness nor the number of minima of the potential. Such constants are put by hand at the end of the calculations in each example, according to the model we want to reconstruct, that is why some constants are deliberately missing from one step to the other along the calculations we present next.
Deformed sine-Gordon model. In this case, we assume the deformed zero mode as
This eigenfunction can be thought as the junction of two zero modes associated to the stability equation resulting from the well-known sine-Gordon model; one localized at x = L and the other localized at x = −L. The kink solution obtained by using (7) is given by where we have chosen a convenient constant of integration such that the resulting field theory potential reproduces that for the sine-Gordon model when L → 0. The zero mode and φ(x) are presented in fig. 1 for two different values of L. One can see that the zero mode has a peak at the origin for L = 0 when one has a single-kink profile for φ(x), which is continuously deformed into a two-kink one as L increases.
By inverting x as function the φ and using (8) , one obtains
(see fig. 2 ). For L = 0 the sine-Gordon model is recovered. The deformed sine-Gordon model or double sine-Gordon model was reconstructed before in the first paper in [12] by means of a mapping approach.
Deformed φ 4 model-1. The model obtained here was built before in [13] and a very similar version of it is presented in [14] . It has also been applied to study the localization of gravitons [13] and of spin 1/2 fermions [15] on a split brane.
We suggest the following deformation of the zero-mode eigenfunction associated to the stability equation of the φ 4 model: From that we obtain the soliton solution
and the field theory potential
Such a potential has two minima at φ = ±1 for tanh 2L √ 3/2; for tanh 2L > √ 3/2 it exhibits a local minimum at φ = 0, which becomes a global minimum as L → ∞, but such potential does not fully reproduce the well-known φ 6 model in this limit.
We have looked for other NLFT models which smoothly reproduces the φ 6 model, with three vacua. We have noted that many candidates for an acceptable zero-energy eigenfunction which recover the zero-energy of the usual φ 4 model can be found, although some them are not invertible. In searching for such an invertible zero-energy eigenfunction we have found another version of the deformed φ 4 model that, in addition, reproduces the φ 6 model. We propose the following deformed zero-mode eigenfunction:
which recovers ψ 0 (x) = sech 2 (x) for L = 0. The kink and the field theory potential are given, respectively, by
and (see fig. 3 ). Such a model is a φ 6 potential with two global minima at φ = ±1, for sech L 1/ √ 3, and for sech L < 1/ √ 3 the potential acquires a local minimum at φ = 0, which becomes a global minimum as L → ∞.
Such a kind of NLFTM has been built in the third paper in [12] , and general versions of it are presented in [9] , which deals with first-order phase transition in magnetic materials and in [8] when discussing two bags models for hadrons as solitons.
Symmetrization of the quantum mechanics Scarf-II potential and a new deformed NLFTM. The model in this example originates from the symmetrization of the Scarf-II potential associated to the stability equation of one of the NLFTM described in [16] and [7] . The deformation of the zero mode of the so-called Scarf potential, namely ψ 0 (x) = sech(x) exp(β tan −1 (sinh(x)) with β > 0, implies into a symmetric potential. We consider the following symmetric function:
as the zero mode of the stability equation associated to the presumed deformed NLFTM we want to build. As desirable, such an eigenfunction has a bell shape profile which splits into two superimposed bell shape curves for β > 1. The resulting kink solution, which is continuously deformed into a two-kink one for β > 1, is given by
and the resulting new field theory potential is
whose behavior for two different values of β is shown in fig. 4 . Such a model presents a set of infinite minima located atφ = ±(1/β) sinh((2n + 1)πβ/2)), with β > 0 and n a non-negative integer. One can write the minimum energy for the kink solutions connecting two neighbors minima as where the upper (lower) sign stands for positive (negative) values of the minima. Those solutions represent different topological sectors; each one specified by a different value of the BPS energy:
2 ), contrary to the sine-Gordon model whose topological sectors are degenerated since the neighbors vacua are equidistant from each other. Moreover, one can note that the topological sector with the lowest BPS energy, connecting the minima ±φ 0 = ± sinh(βπ/2)/β, is the only one whose nontrivial classical solution presents a two-kink profile.
Applications of deformed NLFT models. -One of the motivations to propose the construction of NLFT models which engender two-kink solutions rests on the potential applicability of them to describe, at least qualitatively, first-order phase transitions when they come with domain wall splitting. One can state it simply as it follows: when the system is brought near a critical temperature the interface interpolating two bulk phases splits into two interfaces and, from that point on a layer of a homogeneous (disordered) phase between the bulk phases grows and a complete wetting, named after its description on surface physics [17, 18] , may also appear. Domain walls splitting followed by wetting or complete wetting has also been described in some paramagnetic [9] and some ferroelectric [10] materials, in deconfinement phase transition of SU(3)Yang-Mills theory [19] , in supersymmetric QCD [20] and in thick brane-world scenario [11] .
In general, such a phase transition is described by resorting to the mean field approach, like in the LandauGinzburg description for second-order phase transitions, where the order parameter is represented by a real scalar field whose dynamics is obtained by the minimization of the action associated to a Lagrangian density as that one in (1) in the static limit. A φ 6 potential, as the one obtained in (17) , is an appropriate candidate to describe qualitatively the domain wall splitting and complete wetting. In fact, the parameters of the potential should depend on the temperature, whereas in (17) the dependence is only on the parameter L, which could be thought as dependent on the temperature. From (17) , one can see that L = 0 corresponds to an initial temperature of the system and L < sech −1 (1/ √ 3) means that the temperature of the system is lower than a temperature T 0 , which is the stability limit of the homogeneous phase, whilst for L = sech −1 (1/ √ 3) the system is at temperature T 0 (the wetting temperature), when the domain wall splitting is triggered. As the temperature increases the distance from an interface to the other one, namely 2L, increases, up to L → ∞ or, in other words, the temperature of the system is close to a critical one, say T C , when the complete wetting takes place. Such a simple model could be put in a more general form by re-scaling the field and the coordinate and still keeping it positive defined. Moreover, it has the advantage of being exactly solvable with a classical solution which saturates the Bogomol'nyi limit.
Such a phase transition together with the wetting phenomenon has also been shown to happen in braneworld scenarios, where brane splitting takes place [11] .
The occurrence of those phenomena is very dependent on the model one uses to describe thick branes embedded in five-dimensional space-time with warped geometry. Particularly, the model used in [11] comprises a complex scalar field with one of the components describing the brane itself. The classical solutions are obtained numerically. More recently, the potential U (φ) = aφ 2 − bφ 4 + cφ 6 has been explored in brane-world scenario [21] , where the authors show that a critical value a leads to non-unique classical solutions which exhibit a double-kink configurations. Although analytical solutions are lacking, one can see that the brane splitting phenomenon also takes place for that potential, with and without gravity. The analytic solvability of the classical configurations which saturates the Bogomol'nyi limit in some NLFT models has been intensively explored [22] ; in the study of brane-world models in five-dimensional space-time with a specific warped geometry that reproduces an AdS space asymptotically.
The models includes a self-interacting scalar field coupled minimally to gravity with one extra space dimension, denoted by r. The action that leads to Euler-Lagrange for the scalar field and Einstein equations is given by
where g ≡ Det(g ab ) and the metric is
where η µν is the Minkowski metric and e 2A(r) is the warp factor, which is supposed to depend only on the extra dimension r. The Greek indices run from 0 to 3.
The equations of motion for φ(r) and A(r) are coupled and, in the static limit, can be written as
where prime stands for the derivative with respect to r. Only two of the above equations are independent from the other one. When the potential V B (φ) is written in terms of a superpotential W (φ) as
it is possible to show that the BPS solutions of the following first-order differential equations,
are also solutions of the second-order differential equations (24), (25). The classical examples of superpotential used in refs. [22] are those from NLFT models involving only one scalar field whose classical solutions exhibit a single-kink profile. The most illustrative ones are the well-known φ 4 and sine-Gordon models. There are also exactly solvable models with two interacting scalar fields defined by means of a single superpotential, as is the case of the last two refs. in [22] . Particularly, in the last of those references, it was shown that two-kink solutions are also possible depending on the values of the constant of the integration of the firstorder differential equations like (27). Although such AdS branes are analytically obtained in the setting described above and they are also stable under small linear perturbations of the scalar field and of the metric, the potentials V B (φ) as given in (26) are unbound from below if the superpotential is polynomial on the scalar field. This is also the case if one uses the superpotentials associated to the deformed NLFTM obtained in eqs. (14) (see refs. [13, 15] ) or (17) to describe brane splitting phenomena by taking advantage of the analytical solvability of the models. As far as we know the only exception to the unboundedness of V B (φ) is the sine-Gordon model applied to the brane-world scenario as in the sixth paper in [22] , since the superpotential is an oscillating one. In view of that, we find the deformed sineGordon model obtained in the first case in the previous section, where W φ = 2 cot 2 (φ/2) + sech 2 L sin 2 (φ/2), the most suitable to describe an analytical solvable AdS brane which splits into two thick branes, since the corresponding V B (φ) is bound from below. Here, we just show, in fig. 5 , the behavior of V B (φ) for some values of L and we leave a more detailed analysis of the consequences of that model to the future. 
